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This paper proposes a new simple model for cyclic incremental plasticity based on activation 
states of slip systems describing stable cyclic stress-strain relationship under nonproportional 
loading. In this model, the magnitude and the direction of incremental plastic strain are estimated 
by (1 +a fNP) and Q, respectively. Here, a is the constant related to the material dependence of 
additional hardening and fNP the nonproportional factor expressing the severity of nonproportional 
loading. Q is a second-order tensor describing the activation states of slip systems in polycrystal-
line metals and is given by the calculation using a virtual specimen. The model was examined 
the applicability to the estimation of the stable cyclic stress-strain relationship in extensive non-
proportional low cycle fatigue tests for Type 304 stainless steel and 6061 aluminum alloy. The 
simulated results showed that the model gave a satisfactory estimation of the stable cyclic 
stress-strain relationship under the complex nonproportional multiaxial loadings for different ma-
terials. 
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1. Introduction 
Nonproportional multiaxial low cycle fatigue (LeF) 
lives are drastically decreased by an additional hardening 
due to nonproportional loading, which depends on both 
material and strain history. So, to predict the stable 
cyclic stress response is very important for the estimation 
of LCF lives under nonproportional multiaxial loadings. 
In the cyclic plasticity models based on the kinematic or 
isotropic hardening rule, a lot of material constants are 
required to describe the stress-strain relationship. Then, 
the material constants must be determined by using many 
experimental data, which is not always a simple proce-
dure. 
Hoh et al. [1,2) proposed the nonproportional strain pa-
rameter for predicting LCF lives of Type 304 stainless 
steel and 6061 aluminum alloy. The parameter is ex-
pressed as, 
~E NP = (1 + a f NP ) ~E I (1) 
* Dept. of Mechanical Engineering 
** Mechanical Engineering Course, Graduate School 
of Engineering 
where ~EI is the maximum principle strain range under 
nonproportional straining, a the material constant which 
discriminates the material dependency of additional 
hardening and fNP the nonproportional factor which ex-
presses the severity of nonproportional loading. The 
term (1 +afNP) has a possibility to estimate quantitatively 
the additional hardening due to nonproportional load-
ing[3,41. 
On the other hand, since macroscopic deformations of 
metals have a connection with actions of slip systems, it 
is considered that the cyclic deformation is closely re-
lated with the activation behavior of slip systems under 
nonproportional multiaxial LCF. So, activation states 
of slip systems should be able to show the cyclic defor-
mation under nonproportional loadings. In the multiple 
strata plasticity model proposed by Obataya et al. [5,6), a 
tensor Q is introduced to describe the activation states of 
slip systems in polycrystalline metals. 
In this study, by combining the term (I +atNP) and the 
tensor Q, a new cyclic plasticity model for describing the 
stable cyclic stress-strain relationship under nonpropor-
tional multiaxial straining is developed. In this model, 
the magnitude and the direction of incremental plastic 
strain are estimated by (1 +afNP) and Q, respectively. 
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Fig.1 Activation state of slip system. 
The present model was examined the applicability to the 
estimation of the stable cyclic stress-strain relationship in 
extensive nonproportional LCF tests for type 304 
stainless steel and 6061 aluminum alloy. 
2. Nonproportional LCF Parameter 
2.1 Parameter for Additional Hardening 
In the term of (1 +exfNP), the value of ex is defined as the 
ratio of stress amplitude under 90 degree out-of-phase 
loading (circular strain path in y/-J3-c plot) to that under 
proportional loading. The 90 degrees out-of-phase 
loading shows the maximum additional hardening among 
all the nonproportional histories [1-3,7]. For 304 steel, the 
stress amplitude under 90 degrees out-of-phase loading 
was increased up to 90% in comparison with the propor-
tionalloading, so the value of ex takes 0.9 [I]. For 6061 
AI, it was 0.2 due to the small additional hardening [2]. 
The nonproportional factor which accounts for the se-
verity of nonproportional strain is calculated from strain 
history, and is defined by 
(2) 
where CI (t) and ~(t) are the absolute value of maximum 
principal strain and the angle of maximum principal 
strain direction at any time t, respectively. T and Clmax 
are the time for a cycle and the maximum value of CI(t) in 
a cycle. Detailed description of the nonproportional 
LCF parameter in Eq.1 is omitted here and the reader is 
referred to the previous paper [1,2] for details. 
2.2 Parameter for Incremental Plastic Strain Direction 
In the multiple strata plasticity model [5,6], the tensor Q 
is defined by calculation using a virtual polycrystalline 
specimen with a critical resolved shearing stress, lc, a 
plastic hardening exponent, n', and generalized Schmid 
factors in each slip system, fl. fl is expressed as, 
fl =!..(a®h+h®a) 
2 
(3) 
where a is the unit vector normal to slip plane and h the 
unit vector of slip direction for each slip system. The 
resolved shear stress, l, is given by 
l = tr{fl cr ) (4) 
The hardening characteristic of activation state of slip 
systems was assumed to be given by following relation-
ship between l and the plastic shear strain, y, in slip sys-
tems. 
(5) 
where, C and n are the material constants. Then, we 
can obtain the incremental plastic shear strain as follow-
ing equation, 
(6) 
In this equation, lco is the critical resolved shear stress at 
Fig.2 Illustration of model. 
initial condition, and superior letter r denotes the acti-
vating slip systems' number. In the proposed model, 'tc 
for each slip system set a new value according to activa-
tion of slip system as the illustration in Fig.I. 
Now, we can define the second-order tensor Q, which 
express the activation state of slip systems and charac-
terizes the direction of incremental plastic strain in the 
polycrystalline metal. 
M L,ur dyr 
Q r ~I (7) M 
Lldyrl 
r ~ 1 
where M is the total number of activating slip systems 
employed in calculation with the virtual poJycrystalline 
specimen. 
3. Incremental Plasticity Model 
When a thin-walled tube specimen is subjected to 
combined axial and torsional loading, the stress and 
strain state is expressed in terms of deviatoric vector 
planes. The definition of the axial-torsional subspace 
follows as an Ilyushin's five-dimensional deviatoric vec-
tor subspace and the stress vector is defines as 
(8) 
In this equation, 0'1 and 0'3 are the effective axial and 
shear stresses on Mises' base, respectively. n) and n) 
are the orthogonal base vectors in the stress space. 
O'~ =: E dE) + 0') 
O'~ =:3G dE3 +0') 
Calculation ofQ 
Q)), Q12. QM 
0') =:dO') + 0') 
0' 3 =: dO' 3 + 0' 3 
Fig. 3 Flowchart of analysis. 
The strain vector is defined as 
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(9) 
where E, and E] are the effective total axial and shear 
strains on Mises' base. The equivalent stress and the 
equivalent total strain are expressed by 
The incremental total strain, de, is assumed to be de-
composed into the elastic and incremental plastic strains, 
dee and d~. 
(II ) 
where the incremental elastic strain components are 
given by 
c d0'3 dEo =:--
., 3G (12) 
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In this equation, E and G are Young's and shear moduli, 
respectively. 
Figure 2 illustrates a, d# and Q and Figure 3 the 
flowchart of analysis in the model. As we put the in-
cremental total strains, the stress vector, d, is elastically 
calculated and is given by 
(13) 
where 
(14) 
Now we put if into a in Eq.4 and then will obtain the 
tensor Q as schematically shown in Fig.2. 
On the other hand, the strain hardening modulus for 
evaluation of the magnitude of incremental plastic strain 
is defined by 
(15) 
where K and n are the cyclic hardening coefficient and 
exponent, assuming that the relationship between (JM and 
EP M can be express as 
( 16) 
(JL is the radius of the limit surface which characterizes 
the cyclic hardening as well as K and n. Then, rela-
tionships between these parameters are 
(Jt =(I+ufNP)K 
n =( 1+ UfNI' )n o ( 17) 
where K and no are set values obtained from ten-
sion-compression test. In Eq.15, 0 is the distance be-
tween the stress point and the limit surface as shown in 
+,-++**-
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** -ff- FF- -=fl 
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Case 10 Case 11 Case 12 Case 13 Case 14 
Fig.4 15 kinds of proportional and nonproportional strain paths. 
Table 1 Material constants used in the analysis. 
Material 304 steel 6061 AI 
Young' modulus, E (GPa) 220 80 
Shear modulus, G (GPa) 85 30 
Cyclic hardening coefficent, K (MPa) 830 270 
Cyclic hardening exponent, n [ = n'] 0.13 0.11 
Critical resolved shear stress at initial state, TcO [=K/IOO] (MPa) 8.3 2.7 
Material constant for additional hardening, u 0.8 0.4 
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Fig.5 Stable cyclic stress-strain relationship 
for Case 13. 
Fig.2, and is given by 
0=- 0" 10 11 +0"3 0 12 + 
OM 
Then, we obtain the components of incremental plastic 
strains expressed by 
( 19) 
where 
(20) 
Finally, we can calculate the effective incremental 
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Fig.6 Stable cyclic stress response of 304 steel 
for Case 13. 
stresses from the following equations. 
4. Analytical Results and Discussion 
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(21 ) 
The applicability to the estimation of the stable cyclic 
stress-strain relationship is examined using the non pro-
portional LCF data for Type 304 stainless steel and 6061 
aluminum alloy. Mises' equivalent total strain con-
trolled nonproportional LCF test were carried out using 
hollow cylinder specimens under 15 kinds of propor-
tional and nonproportional strainings shown in Fig.4. 
Material constants used for the analysis are listed in Ta-
ble 1. In virtual polycrystalline specimen[5,61, numbers 
of crystals and slip systems employed are 552 and 6624, 
respectively. 
Figures 5 (a) and (b) shows the comparing the axial 
and shear stress-strain curves between calculation and 
experiment for Type 304 stainless steel and 6061 alumi-
num alloy in the tests of Case 3, respectively. The total 
strain ranges in these figures are 1.13% and 0.8% on 
Mises' base. The stresses in experiment in these figures 
are shown at 1/2N f . These figures show that the model 
developed in this study estimate an outline of the 
stress-strain curves in experiments. However, there are 
somewhat different between analysis and experiment 
along the strain path. 
Figures 6 compares the stress response between calcu-
lation and experiment in Case 13 for Type 304 stainless 
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steel. In the figure, the broken line indicates the calcu-
lated result assuming the material constant a takes zero. 
The overall fitting of the stress-strain relationship be-
tween the prediction and experiment is good. In case of 
a=O, however, large difference of stress response be-
tween analysis and experiment can be seen, which shows 
a contribution of (1 +afNP) to the simulation is very large. 
Figure 7 shows the comparison of effective stress 
ranges in all cases between calculation and experiment 
for two materials. These results show that the proposed 
model simulates the stable cyclic stress response and the 
stress ranges of all the tests within 20 % scatted band for 
different materials under nonproportional straining. 
5. Conclusion 
The simulated results showed that the model gave a 
satisfactory estimation of the stable cyclic stress-strain 
relationship under the complex nonproportional multiax-
ial loadings for different materials, which is effective in 
the evaluation of nonproportional multiaxial low cycle 
fatigue damage. 
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